We show that solving the Maurer-Cartan equations is, essentially, the same thing as performing the Hamiltonian reduction construction. In particular, any differential graded Lie algebra equipped with an even nondegenerate invariant bilinear form gives rise to modular stacks with symplectic structures.
Now, let β(−, −) be an even nondegenerate invariant bilinear form on G, that is, a C-bilinear form G × G → C that restricts to a symmetric, resp. skew-symmetric, form on G + , resp. on G − , such that G + ⊥ G − and, for any homogeneous x, y, z ∈ G, one has:
The theorem below, which is the main result of this paper, says that, morally, any moduli space comes equipped with a natural symplectic structure if and only if the DGLA that controls the moduli problem in question has an even nondegenerate invariant bilinear form.
Theorem 1.4. Let G be a DGLA with an even nondegenerate invariant bilinear form β, and O ⊂ G + an Ad G + -orbit. Then, for any x ∈ M(G, O), the form β induces a nondegenerate 2-form on T x M(G, O), the tangent space (at x) to the modular stack. These 2-forms give rise to a symplectic structure on the stack M(G, O).
As will be seen in the proof, the theorem is a special case of the Hamiltonian reduction construction.
Proof. Let ω := β| G − and consider G − as a symplectic vector space equipped with the symplectic form ω. Consider also the gauge action of the group G + on G − . This is a symplectic action, and we claim that it has moment map
First, note that the differential of the map Φ at the point x ∈ G − is given by
( 1.2)
It follows from the last equation combined with the G + -equivariance of Φ that the G + -action is Hamiltonian with moment map Φ. Thus, M(G, O) is precisely the Hamiltonian reduction of G − with respect to the orbit O ⊂ G + ≃ G * + , see [AM] .
In such a case, one introduces a smaller Lie group G 0 ⊂ G + corresponding to the Lie subalgebra G 0 ⊂ G + . This group acts naturally on G 2 , and for any G 0 -orbit O 2 ⊂ G 2 we may form the corresponding
It is clear that, for x ∈ G 1 we have:
A typical (infinite-dimensional) example of the Theorem above is the moduli space of bundles with flat connection on a C ∞ -manifold. [MSS] . Let β be an even nondegenerate invariant bilinear form on G. Thus, for any homogeneous x 1 , . . . , x n+1 ∈ G, one has:
L ∞ -algebra version
The differential of the map Φ at the point x ∈ G − is given by
For any a ∈ G + and x ∈ G − , let
Observe that we have
By [La, Appendix B], we also have
We say that two elements x 0 , x 1 ∈ G − are gauge equivalent if there exists a path a(t) ∈ G + and a path x(t) ∈ G − such that x ′ (t) = ξ a(t) (x(t)) and x(0) = x 0 , x(1) = x 1 . We say that two elements b 0 , b 1 ∈ G + are adjoint equivalent if there exists two paths a(t), b(t) ∈ G + and a path x(t) ∈ G − such that b(0) = b 0 , b(1) = b 1 and
we say that b 0 , b 1 ∈ G 2 are adjoint equivalent if there exists a path a(t) ∈ G 0 , a path b(t) ∈ G 2 and a path x(t) ∈ G 1 such that b(0) = b 0 , b(1) = b 1 and (2.3) is satisfied.
If O ⊂ G + is an adjoint equivalence class, then we define
One can extend the concept of Hamiltonian reduction from Hamiltonian group-actions to Hamiltonian groupoid-actions. This way, using formula (2.1), one derives the following Theorem 2.2. Let G = G + ⊕G − be an L ∞ -algebra with an invariant nondegenerate even bilinear form β, and O ⊂ G + an adjoint equivalence class. Then, for any x ∈ M(G, O), the form β induces a non-degenerate 2-form on T x M(G, O), the tangent space (at x) to the modular stack. These 2-forms give rise to a symplectic structure on the stack M(G, O).
From moment map to Maurer-Cartan equations
Let (V, ω) be a finite dimensional symplectic vector space, and C[V ] the polynomial algebra viewed as a Poisson algebra with Poisson bracket {−, −} corresponding to the symplectic structure.
Fix a finite dimensional Lie algebra g.
, a → H a , be a Lie algebra homomorphism. We get, tautologically, a (non-linear) Hamiltonian gaction on the vector space V with polynomial moment map Φ :
Introduce a Z-graded vector space
and write G + := G 0 ⊕ G 2 and G − := G 1 . The canonical pairing g × g * → C gives a non-degenerate symmetric bilinear form on G + . Combined with the symplectic form ω on V this gives an even non-degenerate bilinear form β on the super-space
Further, let Φ = Φ 1 + Φ 2 + . . . : V −→ g * be an expansion of the moment map Φ into homogeneous components (by assumption there is no constant term). For each i ≥ 1 we thus get a linear map Φ i : V ⊗i → g * .
We now define the following maps:
Further, let d := Φ 1 : G − → G + , and define d : G + → G − to be the zero-map.
Proposition 3.1. The above defined maps give G an L ∞ -structure (with all brackets that were not specified above being set equal to zero), such that β becomes an invariant form.
Proof. Straightforward computation.
We observe that two elements in G 2 = g * are adjoint equivalent (in the sense of §2) if and only if they belong to the same coadjoint orbit of the group G = G 0 (corresponding to the Lie algebra g) acting on g * . Given such an orbit O ⊂ G 2 = g * , we see that MC(G, O) = Φ −1 (O). Hence, for the Maurer-Cartan stack we get M(G, O) = Φ −1 (O)/Ad G 0 , is the standard Hamiltonian reduction of V over O.
Remark 3.2. In the special case H : g −→ C 2 [V ] (quadratic Hamiltonians), we have Φ = Φ 2 , and the L ∞ -structure above reduces to an ordinary Lie super-algebra structure on G = g ⊕ V ⊕ g * . The symmetric bracket G − × G − → G + is in this case provided by the map Φ viewed as a linear map: Sym 2 (G − ) = Sym 2 (V ) → g * = G 2 .
